Experimental methods are given for determining the Q of both high-and low-Q resonant cavities at microwave frequencies. The emphasis is placed on the practical measurements necessary in determining the properties of ionized gases in the 3-cm and 10-cm wavelength range.
I. Introduction
The phenomena associated with electrical discharges in gases at microwave frequencies are in general much simpler than the corresponding behavior of gases under the action of a dc field. On the other hand, microwave techniques are not as well known and may therefore discourage workers from entering the field. Experience has shown that readily available texts on ultrahigh frequency measurements do not include the particular calculations of the experimental parameters in a convenient form for gas-discharge measurements. The present series of reports has been prepared to fill this need.
For the sake of convenience, the range of frequencies is chosen so that cavity resonators may be employed which are relatively simple to construct and use, and where power sources and measuring apparatus are available. One of the important parameters which control the physical behavior of the gas discharge is the value of the electric field in which the electrons are accelerated. Measurements of the field generally involve the prior determination of the power absorbed in a resonant cavity and the determination of the characteristic of the cavity known as its Q, which is the ratio of the energy stored by the cavity to the power dissipated in the cavity and certain associated components per radian of rf field. In the study of ionization processes, breakdown, and low current-density discharge phenomena, high-Q devices may be used. For high currentdensity discharges, low-Q devices are necessarily used. Explicit use of the Q in calculating electric fields is mainly confined to high-Q devices; thus this report is concerned principally with this case. However, certain calculations apply to low-Q cavities, and we shall present these also.
In the problem of calculating the Q of resonant cavities used in gas-discharge measurements, the necessary accuracy is not achieved if one neglects the series losses in the coupling circuit between cavity and transmission line. Since the total loading of the cavity determines the width of the resonance curve, a quantity known as the loaded Q gives the best coverage of the parameters. For gas-discharge work, the Q with the series loss included is calculated in terms of the loaded Q. This method extends the work of Lawson (1) in which the calculations neglected the series loss, and differs from that developed by Slater (2) which included the series loss but was calculated in terms of an external Q.
II. The Lumped Circuit Representation of a Cavity
A cavity may be represented as an element in a microwave circuit as shown in the circuits of Fig. 1 . The cavity system consists of a cavity and a part of the input line to which the cavity is coupled by loops through vacuum-tight, glass seals.
Equivalent circuits for a resonant cavity.
Our calculations apply explicitly to the usual case in which the cavity terminates the line, but certain cases in which additional elements are placed beyond the cavity are susceptible to the same treatment. The cavity can be represented by an impedance Z'
at TT' which is transformed by the loop circuit to the impedance Z at a reference plane in the input line PP'. We will develop methods for determining the impedance Z, the Q, In order to be complete, the equivalent circuit should contain sufficient elements to account for all phenomena represented by the cavity. Practically, such a circuit is very difficult to work with in detail. First, therefore, we will concern ourselves with the general characteristics of a fairly complete equivalent circuit, and then, following certain restrictions, its simplification to usable form. Let us first consider the circuit of Fig. la , where measurements are made at the points PP' on the line. The resonant cavity, across TT', can be characterized by parallel reactance L' and C', and conductance G', connected to the line by a transformer of admittance ratio A :1. This representation of a cavity with an isolated resonance can be justified by fairly rigorous methods (2) . In order for the representation to be correct, it is necessary that the reactive elements L' and C' refer only to the cavity in question. For example, the coupling of a second cavity onto the first cannot generally be treated mathematically in this manner. However, the conductance Gt may well include the effect of nonresonant elements coupled to the cavity as outputs. To this extent, then, the cavity need not The complex ratio of incident to reflected waves is the reflection coefficient r, which is seen to be
o Here, p = I r I is the modulus of the reflection coefficient, a quantity which is always real and positive; is the phase angle. The standing-wave ratio R V , that is, the ratio of the maximum to minimum voltage on the line, is seen to be RV 1 p
As mentioned above, relative power is usually the quantity measured. The decibel power standing-wave ratio R is given by R = 20 logl0Rv.
The experimental procedure consists in setting the wavelength, measuring the standing-wave ratio R in db, and also measuring the position d of a voltage minimum.
The curve of Fig. 4 is plotted point by point. The ordinates are found by varying X and setting the probe for each X value first at a minimum and then at a maximum. With the probe at a minimum, the input attenuation of the receiver is set at a given value. With the probe at a maximum we bring the signal back to the same level by increasing the input attenuation. The ratio of these two attenuator settings gives R. A phase curve which will resemble either Fig. 5a or 5b, depending on whether the cavity is undercoupled or overcoupled, is obtained by plotting the position of the voltage minimum.
The asymptotes of Fig. 5 are the actual positions of the points PP', determined within multiples of Xg/2. Occasionally the resonance curve is too broad to enable one to reach these asymptotes conveniently, and yet it may be desirable to determine them. In such a case, the cavity should be short-circuited in its high-field region with a substantial metallic conductor. The resonance is then far removed from ao, and the position of the standing-wave minimum follows the asymptotes through the region near wo. The decibel standing-wave ratio so obtained with this arrangement is R, (Fig. 4) .
Before performing the specific algebraic manipulations involved in finding the cavity Q, it remains to relate the reflection coefficient to the cavity impedance Z. It can be shown in general that the reflection coefficient at any point is given by z-I I -
where z is the normalized impedance at the point in question on the line; y = l/z is the corresponding normalized admittance. As may be seen from Eq. 6, the phase angle 0 of varies with position on the line; the associated impedance z varies correspondingly. Henceforth, the calculations will deal entirely with conditions at the point PP'.
It is understood that F and refer to that point. Since z at PP' is given by Eq. 4, r and at PP', and p, R V , and R are all determined.
One can obtain a geometrical representation of Eq. 9, similar to Fig. 2 , when the series impedance is neglected, by splitting it into real and imaginary parts and Fig. 3 Superposition of the incident and reflected waves. One further convention will be mentioned. Although RV is always greater than unity and therefore R is always greater than zero, it is useful, in order to distinguish between the undercoupled and overcoupled cases, to define formally R < 0 for the undercoupled and R > 0 for the overcoupled cavity systems.
III. The Measurement of Q
The quantity Q is defined as
where U is the energy stored, and P is the energy dissipated per second. It may be noted that the concept of a cavity Q is valid only if the stored energy takes many cycles to decay after excitation is removed, i. e. only if Q >> 1. Various kinds of Q's may be discussed, depending on where, in a particular problem, it is convenient to consider the energy to be dissipated. The Q of principal interest in this report is that obtained by considering the cavity represented in Fig. ld to be excited externally, and calculating the ratio of energy stored in the cavity to that dissipated in gs and g. This ratio determines the unloaded Q, QU' which is, at resonance, ., ; 
A. Resonance Curve Method
This method is applicable if the resonance curve is sufficiently sharp so that a certain width AX as shown in Fig. 4 can conveniently be measured on it.
In order that this width may be measured where the curve is, in general, most accurately known, the calculation of QU is broken into two parts.
It is convenient to define a loaded Q, QL' in terms of the ratio of energy stored and energy dissipated through the parallel conductances g and g/(g s + 1), when the cavity and line are viewed from the terminals tt'. Theri in trms of the quantities gs and go given by Eq. 2 (gs -go)(gs + 1) X°L 2
(17) gs(g°+ 1)
This relation also defines the width AX to be measured. Now the -c susceptance at tt'
and at AX/2 off resonance, the quantity Iw/wo -o/wl is equal to AX/Xo; at these points, the susceptance is equal to the conductance across tt'. Under these conditions, the impedance zh at PP' is Zh + (19) g2(g°+ 1) g + (gs -go)(gs + 1)
The reflection coefficient r for the circuit of Fig. ld is given by Eq. 9; thus, using Eq. 10 The ratio /QL VS R is plotted for various values of Ro, in Fig. 9 ; then is determined from these curves and the value of QL. If the series loss can be neglected, the calcu- In the vicinity of resonance, the susceptance b (Eq. 18) will be much smaller than g.
It is then permissible to neglect all second order terms in subsequent manipulations.
Near resonance, the reflection coefficient r is then
The small phase angle b is very closely Here, g is the reciprocal of RVo the voltage standing-wave ratio on resonance; the (1 g2) term is usually a minor correction when P is small;
is simply the slope of the phase curve at resonance; the factor (2k -1)/4 can usually be found by measuring the physical distance in guide wavelengths between the cavity and the point of measurement. The unloaded Q is given in this case by QU = .
U g Equivalent circuit for gs-oo. It often happens that the frequency cannot be perturbed sufficiently to make the required excursions. In that case, the Q can be determined by measurements near resonance in the following manner.
Since Ro, cannot be measured now, it is necessary to make some assumptions about the series loss gs. In most cases at these frequencies, it is justifiable to neglect it, as is done here. Thus QU is given by Eq. 29; and since g = go is determined at resonance, only the measurement of remains. Slightly off resonance, the cavity admittance is
Here it is assumed that the frequency excursion Aw << o o so that /wo -o /o is equal to 2Aw/co 0 very closely. The modulus of the reflection coefficient p is given by Eqs. 6 and 9 as 
IV. Measurement of a Steady-State Discharge
The introduction of a steady-state discharge into the cavity is equivalent to the addition of an admittance gd + jbd in parallel with the cavity elements g + jb, that is, in parallel with the parallel elements of Fig. d . It is convenient to determine all the quantities except gd and jbd on the empty cavity prior to the initiation of the discharge.
Theoretically two measurements will then suffice to determine these quantities and a complete resonance curve of the cavity containing the plasma need not be measured.
The discharge tends to undercouple the cavity, to lower its Q, and to change its resonant frequency. Thus the db standing-wave ratio Ro at resonance Wo can be considered as changed to RI at w', and these new quantities are measured. Since and gs do not 
From these plotted ratios (using R o , and the known and Ro) QU can be determined.
Such measurements involve frequency excursions of the applied field of the order of one percent. This has a negligible effect on the discharge except insofar as the amount of power transmitted to the discharge by the cavity is concerned. It is therefore useful to monitor the light output of the discharge so that the input power can be adjusted for constant light intensity, and hence constant discharge density as the frequency is varied.
